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Abstract
In this paper, we consider kinetic models of BGK type which describe the scalar
conservation law at the microscopic scale. We use new technique developed in Comm. Partial
Differential Equations 27 (2002) 1229 in order to get the convergence. First, we obtain the
approximate transport equation for the given kinetic models of BGK type. Then using the
averaging lemma, we obtain the convergence. This paper shows how to relate the given kinetic
model with the averaging lemma to get the convergence.
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1. Introduction
Consider the scalar conservation law
@tu þ @xFðuÞ ¼ 0; xAR; tARþ; ð1:1Þ
where FðuÞ is a smooth function. We are concerned here with kinetic models of BGK
type which describe (1.1) at the microscopic scale e-0: To this end, we introduce a
scalar function, f eðx; t; xÞ; which can be viewed as a microscopic description for the
density of particles located at ðx; tÞAR Rþ with speed xAR: Then our kinetic
model evolves according to
@t f
eðx; t; xÞ þ aðxÞ@x f eðx; t; xÞ ¼ 1eðf
eðx; t; xÞ Mðueðx; tÞ; xÞÞ: ð1:2Þ
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Here, e40 and
ueðx; tÞ ¼
Z
x
f e dx
denotes the local density of particles at a given ðx; tÞ location and Mðu; xÞ is a
Maxwellian (‘‘equilibrium function’’).
This model is introduced in [9] for the special choice of Maxwellian function
Mðu; xÞ ¼ 1ðu; xÞ: They showed the convergence by BV argument in the multi-
dimensional case and by compensated compactness arguments in the one-
dimensional case. Also, Bouchut [1] provide a general framework for such BGK
models. Finally, this class of models incorporates various discrete velocity models of
BGK type (See [4,7,11] for a survey).
Such models are L1 contractions, [1,4,5,7,9], for which the proof of convergence
follows the general outline of Kruzhkov theory [5]. In this paper, we will show
convergence by using a different methodology developed in [2]. In fact, the theory of
compensated compactness (see [10]) says the compactness of a given family fueg of
approximate solutions bounded in some Lp-norm (p41) are determined by
compactness of the entropy dissipation measure in the sense
@tZðueÞ þ @xqðueÞ is precompact in H1loc;x;t: ð1:3Þ
In [2], they showed how the kinetic formulation compactness framework of Lions
et al. [6] can be easily adapted to analyze structure (1.3). Following the same idea, the
approach that is developed here will show the relation between relaxation
approximations of BGK type and the kinetic formulation of scalar conservation
laws developed in [6] (see Theorem 2). This relationship is achieved through a
decomposition of the entropy dissipation via duality to arrive at an approximate
transport equation:
@t1ðue; sÞ þ F 0ðsÞ@x1ðue; sÞ ¼ @sme  @t
Z
x
I e@sMðs; xÞ dx
 @x
Z
x
aðxÞI e@sMðs; xÞ dx; ð1:4Þ
where
1ðu; xÞ ¼
10oxou if u40;
0 if u ¼ 0;
1uoxo0 if uo0
8><
>: ð1:5Þ
is the usual Maxwellian associated with the kinetic formulation of scalar
conservation laws,
R
x I
e@sMðs; xÞ dx;
R
x aðxÞI e@sMðs; xÞ dx-0 in L2locðRx 
Rþt ; L
2ðRsÞÞ are error terms and me is a family of positive bounded measures that
captures in the limit the behavior on shocks. Convergence is obtained via the
S. Hwang / J. Differential Equations 190 (2003) 353–363354
averaging lemma of Perthame–Souganidis [8]. We prove that, as e-0; ue-u where
u is an entropy solution of (1.1) and that the limiting behavior of (1.4) encoding the
entropy dissipation leads to the transport equation
@t1ðu; sÞ þ F 0ðsÞ@x1ðu; sÞ ¼ @sm in D0x;t;s: ð1:6Þ
This paper shows how to relate the given kinetic model with the averaging lemma
in order to get the convergence following a technique developed in [2] for relaxation
approximation of Jin–Xin type [3] and diffusion–dispersion approximation. One
important difference is that here the kinetic decomposition is achieved through
extensions of entropies, and the approach applies to models like (1.2) where all
equilibrium entropies can be extended to entropies for the kinetic system (see also
Bouchut [1]).
2. BGK model
We consider the following kinetic model of BGK type:
@t f
eðx; t; xÞ þ aðxÞ@x f eðx; t; xÞ ¼  1e ðf
eðx; t; xÞ Mðueðx; tÞ; xÞÞ
with ue ¼
Z
x
f e dx; ð2:1Þ
where xAR and xAR:
It is assumed that aðxÞ is uniformly bounded and thatMð
; xÞ is C1-function that
satisfy Mð0; xÞ ¼ 0;
Mðu; 
ÞAL1x; Mð
; xÞ is strictly increasing;
u ¼
Z
Mðu; xÞ dx;
FðuÞ ¼
Z
aðxÞMðu; xÞ dx: ð2:2Þ
Remark 1. (1) The model of [9] is obtained by taking aðxÞ ¼ F 0ðxÞ; and Mðue; xÞ ¼
1ðue; xÞ: We have then @uMðue; xÞ ¼ dðu  xÞ: HereMðue; xÞ is not C1; but it satisﬁes
the condition (2.2).
(2) Take x ¼ f1; 1g; aðxÞ ¼ xa; andMðue; xÞ ¼ 1
2
ðue þ x FðueÞ
a
Þ: Then if a4jF 0ðuÞj
and Fð0Þ ¼ 0; Mðue; xÞ satisfy the above condition.
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From (2.1) and (2.2) we have
@tu
eðx; tÞ þ @x
Z
x
aðxÞf eðx; t; xÞ dx ¼ 0: ð2:3Þ
Perthame and Tadmor [9] showed the existence of a global solution for (2.1) with
Mðu; xÞ ¼ 1ðu; xÞ in LNðRþt ; L1ðRx  RxÞÞ by using a ﬁxed point theorem. Similarly,
in our case, the existence of solution for (2.1) follows by the same argument.
Model (2.1) also posseses an analog of the H-theorem. If we multiply Eq. (2.1) by
ðM1ðf ; xÞ  uÞ; integrate over xAR and denote by
mðf ; xÞ ¼
Z f
0
M1ðg; xÞ dg
then mð
; xÞ is convex and we have
@t
Z
x
mðf ; xÞ dxþ @x
Z
x
aðxÞmðf ; xÞ dx uð@tu þ @x
Z
x
aðxÞf dxÞ
þ 1
e
Z
x
ðM1ðf ; xÞ  uÞðf Mðu; xÞÞ dx ¼ 0: ð2:4Þ
The third term is vanished due to the conservation law, the last term is positive due
to the monotonicity assumption. Assume that @uMðu; xÞXc and f eðx; 0; xÞAL2ðRx 
RxÞ; then (3.5) yields the boundZ
x;t
Z
x
cjf Mðu; xÞj2 dx dt
p
Z
x;t
Z
x
ðM1ðf ; xÞ  uÞðf Mðu; xÞÞ dx dx dt ¼ OðeÞ ð2:5Þ
stating that the Maxwellians are enforced in the ﬂuid limit e-0:
In the sequel, we use the limiting case of the averaging lemma proved in Perthame–
Souganidis [8]:
Theorem 1. Let ffng; fgi;ng be two sequences of solutions to the transport equation
@t fn þ bðxÞ 
 rx fn ¼ @t@kxg0;n þ
Xd
i¼1
@xi@
k
xgi;n; ð2:6Þ
where kAN: Assume that bðxÞACNðRÞ satisfies the non-degeneracy condition: for
R40
oðbÞ ¼ sup
aAR;oASd1
Z
fjxjpRg
aþ bðxÞ 
 o
b


2
þ1
 !1
dx-0; as b-0: ð2:7Þ
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If ffng is bounded in LqðRd  Rþ  RÞ; for some 1oqoN; and fgi;ng is precompact
in LqðRd  Rþ  RÞ; then the averageZ
R
cðxÞfnðt; x; xÞ dx is precompact in LqðRd  RþÞ
for any cACNc ðRÞ:
Remark 2. The non-degeneracy condition (2.7) is equivalent to for all R40
measfxABR j aþ bðxÞ 
 o ¼ 0g ¼ 0 8aAR; oASd1; ð2:8Þ
where BR ¼ fjxjpRg: Condition (2.8) can be interpreted geometrically, and means
that the curve x/bðxÞ 
 oþ a is not locally contained in any hyperplane.
Let Hðf ; xÞ; Qðf ; xÞð¼ aðxÞHðf ; xÞÞAC1ðR RÞ be an entropy pair for the BGK
model (2.1) that extends the entropy pair ZðuÞ  qðuÞ of (1.1) (see [1]):R
x HðMðu; xÞ; xÞ dx ¼ ZðuÞ;R
x aðxÞHðMðu; xÞ; xÞ dx ¼ qðuÞ;
(
ð2:9Þ
H  Q have the property that (smooth) solutions of (2.1) satisfy:
@t
Z
x
Hðf ; xÞ dxþ @x
Z
x
Qðf ; xÞ dx ¼ 1
e
Z
x
Hf ðf ; xÞðf Mðu; xÞÞ dx ð2:10Þ
and when e-0 they are expected to converge to the entropy dissipation of the limit
conservation laws.
From (2.9) we have
R
x
@H
@f
ðMðu; xÞ; xÞ@Mðu; xÞ
@u
dx ¼ Z0ðuÞ;
R
x aðxÞ
@H
@f
ðMðu; xÞ; xÞ@Mðu; xÞ
@u
dx ¼ q0ðuÞ:
8><
>>: ð2:11Þ
If we choose
@H
@f
ðMðu; xÞ; xÞ ¼ Z0ðuÞ;
then (2.11) holds and since Mð
; xÞ is increasing and by (2.1) and (2.2), we have
@H
@s
ðs; xÞ ¼ Z0ðM1ðs; xÞÞ; ð2:12Þ
where M3M1ðs; xÞ ¼ s for a ﬁxed x:
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Now we state the main theorem of this section. This result can be seen as a
decomposition of (2.10) via duality.
Theorem 2. Let f eðx; 0; xÞAL2ðRx  RxÞ-L1ðRx; LNðRxÞÞ and @uMðu; xÞXc for
some c40:
Then we have the following approximate transport equation:
@t
Z
x
1ðf eðx; t; xÞ;Mðs; xÞÞ@Mðs; xÞ
@s
dx
þ @x
Z
x
aðxÞ1ðf eðx; t; xÞ;Mðs; xÞÞ@Mðs; xÞ
@s
dx
¼ @s
Z
x
1
e
½1ðM1ðf eðx; t; xÞ; xÞ; sÞ  1ðueðx; tÞ; sÞ
 ðf eðx; t; xÞ Mðueðx; tÞ; xÞÞ dx
¼: @smeðx; t; sÞ in D0x;t;s; ð2:13Þ
where me is a family of bounded positive measures.
Proof. Fix a test function jACNc ðR RþÞ and regard Z0ðsÞACNc ðRÞ as a test
function also. We have the formula
ZðuÞ  Zð0Þ ¼
Z
s
1ðu; sÞZ0ðsÞ ds
Then we have the following:
Z
x
Hðf ðx; t; xÞ; xÞ dx
¼
Z
x
Z
s
1ðf ðx; t; xÞ; sÞ@Hðs; xÞ
@s
ds dx
¼
Z
x
Z
s
1ðf ðx; t; xÞ; sÞZ0ðM1ðs; xÞÞ ds dx
¼
Z
x
Z
s
1ðf ðx; t; xÞ;Mðs; xÞÞ@Mðs; xÞ
@s
Z0ðsÞ ds dxZ
x
@f Hðf ; xÞðf Mðu; xÞÞ dx
¼
Z
x
½Z0ðM1ðf ; xÞÞ  Z0ðuÞðf Mðu; xÞÞ dx
¼
Z
x
Z
s
½1ðM1ðf ; xÞ; sÞ  1ðu; sÞZ00ðsÞðf Mðu; xÞÞ dx;
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which implies that

Z
x;t
Z
x
1
e
Hf ðf ; xÞðf Mðu; xÞÞj dx dx dt ¼ /@sme;jðx; tÞ#Z0ðsÞS;
where
/@smðx; t; sÞ;jðx; tÞ#Z0ðsÞS ¼ 
Z
x;t;s
mðx; t; sÞjðx; tÞZ00ðsÞ ds dx dt
and
me ¼ 1
e
Z
x
½1ðM1ðf ; xÞ; sÞ  1ðu; sÞðf Mðu; xÞÞ dx:
Then we have
@t
Z
x
1ðf eðx; t; xÞ;Mðs; xÞÞ@Mðs; xÞ
@s
dx

þ@x
Z
x
aðxÞ1ðf eðx; t; xÞ;Mðs; xÞÞ@Mðs; xÞ
@s
dx;j#Z0

¼ /@sme;j#Z0ðsÞS: ð2:14Þ
Since the subspace generated by the direct sum test functions j#Z0 is dense in
CNc ðR Rþ  RÞ; bracket (2.14) is extended to test function yðx; t; sÞACNc ðR
Rþ  RÞ: So, we obtain the approximate transport equation (2.13).
Next, we turn to the properties. Since M1ðf ; xÞXu if fXMðu; xÞ and 1ð
; xÞ is
increasing function, it follows that meX0:
For yðx; t; xÞAC0 with jyjp1; we have
j/me; ySj
¼
Z
x;t;s
Z
x
1
e
½1ðM1ðf ; xÞ; sÞ  1ðu; sÞðf Mðu; xÞÞy dx dx dt ds


pC
Z
x;t;x
Z
s
1
e
j1ðM1ðf ; xÞ; sÞ  1ðu; sÞj
 
jðf Mðu; xÞÞj ds dx dx dt
pC
Z
x;t;x
1
e
jM1ðf ; xÞ  uj jf Mðu; xÞj dx dx dt
¼ Oð1Þ
The last term is bounded, because of (2.5). &
We obtain compactness of approximate solutions by using the averaging lemma:
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Corollary 3. Let F satisfy
measfxAR j F 0ðxÞ ¼ ag ¼ 0 8aAR: ð2:15Þ
Let f e be a family of solutions to (2.1) generated by data satisfying f eðx; 0; xÞAL2ðRx 
RxÞ-L1ðRx; LNðRxÞÞ: Then ue ¼
R
xMðue; xÞ dx converges to u in LplocðR
RþÞ; 1ppoN and u is an entropy solution of (1.1).
Proof. Let I eðx; t; s; xÞ :¼ 1ðf ðx; t; xÞ;Mðs; xÞÞ  1ðMðu; xÞ;Mðs; xÞÞ: Then we can
rewrite (2.13) by
@t1ðue; sÞ þ F 0ðsÞ@x1ðue; sÞ ¼ @sme  @t
Z
x
I e@sMðs; xÞ dx
 @x
Z
x
aðxÞI e@sMðs; xÞ dx: ð2:16Þ
Since
R
x @sMðs; xÞ dx ¼ 1; we can take a bounded set AAR such thatZ
R\A
@sMðs; xÞ dxoe1=2:
Then we have, for any compact subset K of Rx  Rþt ;Z
K
Z
s
Z
x
I eðx; t; x; sÞ@sMðs; xÞ dx


2
ds dx dt
pC
Z
K
Z
s
Z
A
j1ðf ;Mðs; xÞÞ  1ðMðu; xÞ;Mðs; xÞÞj2 dx ds dt dx þ Ce
¼ C
Z
K
Z
J
jf Mðu; xÞj dx dt dx þ Ce
pCjK  Jj12
Z
K
Z
R
ðf Mðu; xÞÞ2 dx dt dx
 1
2þCe
¼ Oðe12Þ þ OðeÞ:
So,
R
x I
e@sMðs; xÞ dx;
R
x aðxÞI e@sMðs; xÞ dx-0 in L2locðRx  Rþt ; L2ðRsÞÞ; the latter
coming from a similar argument since aðxÞ is uniformly bounded. me is bounded in
measures and precompact in W
1;p
loc ðRd  Rþ  RÞ; for 1ppodþ2dþ1: By the averaging
lemma (Theorem 1),Z
x
1ðue; xÞcðxÞ dx is precompact in Lploc; 1opo
d þ 2
d þ 1
for cðxÞACNc ðRÞ:
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Let R be a large positive number and consider cACNc ðRÞ such that c ¼ 1 on
ðR; RÞ and 0pcp1: Then
ue 
Z
R
1ðue; xÞcðxÞ dx

 ¼
Z
R
1ðue; xÞð1 cðxÞÞ dx


p
Z N
R
j1ðue; xÞj dxþ
Z R
N
j1ðue; xÞj dx
¼ðue  RÞþ þ ðue þ RÞ:
Moreover, Z
ðue  RÞþ þ ðue þ RÞ dx dtp
Z
juej4R
juej dx dt
p 1
R
Z T
0
Z
juej2 dx dtpC
R
:
We conclude that fueg is Cauchy in L1loc;x;t:
Since ueALNx;t; it follows that (along subsequences) u
e-u in Lploc; poN; and
almost everywhere and that uALNx;t: Next we pass to the limit e-0 in (2.16). Along a
further subsequence me,m weak-* in measure; it follows:
@t1ðu; sÞ þ aðsÞ@x1ðu; sÞ ¼ @sm in D0x;t;s: ð2:17Þ
Since m is a positive measure, we conclude u is the entropy solution of (1.1). &
3. Discrete BGK model
In this section, as a special case of BGK model, we consider the following discrete
BGK model:
@t f
e
i ðx; tÞ þ ai@x f ei ðx; tÞ ¼ 
1
e
½f ei Miðueðx; tÞÞ; i ¼ 1;y; d: ð3:1Þ
where xAR; aiAR and fi :R Rþ-R; i ¼ 1; 2;y; d: The function ue is deﬁned by
ueðx; tÞ ¼
Xd
i¼1
f ei ðx; tÞ: ð3:2Þ
Like the BGK-model, we assume that the functionMi in system (3.1) is smooth,
strictly increasing and satisﬁes
uðx; tÞ ¼
Xd
i¼1
Miðuðx; tÞÞ;
Fðuðx; tÞÞ ¼
Xd
i¼1
aiMiðuðx; tÞÞ: ð3:3Þ
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Then if we sum the d equations in (3.1), we have
@tu
eðx; tÞ þ @x
Xd
i¼1
aif
e
i ðx; tÞ
 !
¼ 0: ð3:4Þ
This model (3.1) is also equipped with a globally deﬁned entropy function. If we
denote by
miðfiÞ ¼
Z fi
0
M1i ðgÞ dg
then mið
Þ is convex and we have
@t
Xd
i¼1
miðfiÞ þ @x
Xd
i¼1
aimiðfiÞ  u @tu þ @x
Xd
i¼1
aifi
 !
þ 1
e
Xd
i¼1
ðM1i ðfiÞ  uÞðfi MiðuÞÞ ¼ 0: ð3:5Þ
Let HiðfiÞ; QiðfiÞð¼ aiHiÞAC1ðRÞ be an entropy pair for the kinetic model (3.1) that
extends the entropy pair ZðuÞ  qðuÞ of (1.1) (see [1]):Pd
i¼1 HiðMiðuÞÞ ¼ ZðuÞ;Pd
i¼1 aiHiðMiðuÞÞ ¼ qðuÞ:
(
ð3:6Þ
If we multiply (3.1) by @H@fi ðfiÞ; we have
@t
Xd
i¼1
HiðfiÞ þ @x
Xd
i¼1
aiHiðfiÞ ¼ 1e
Xd
i¼1
@H
@fi
ðfiÞ½fi MiðuÞ ð3:7Þ
and when e-0 they are expected to converge to the entropy dissipation of the limit
conservation laws.
If we follow the argument in Section 2, then we get the approximate transport
equation for the discrete BGK model (3.1):
Theorem 4. Let Mi; i ¼ 1;y; d be smooth, strictly increasing function with (3.3). Let
f ei ðx; 0ÞAL1ðRÞ-LNðRÞ; i ¼ 1;y; d:
Then we have
@t
Xd
i¼1
1ðfi;MiÞM0iðsÞ þ @x
Xd
i¼1
ai1ðfi;MiÞM0iðsÞ
¼ @s
Xd
i¼1
1
e
ð1ðfi;MiðsÞÞ  1ðMiðuÞ;MiðsÞÞÞðfi MiðuÞÞ
¼ @smeðx; t; sÞ; ð3:8Þ
where me is a bounded family of positive measures.
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Also, we obtain compactness of approximate solutions by using the averaging
lemma:
Corollary 5. Let F satisfy
measfxAR j F 0ðxÞ ¼ ag ¼ 0 8aAR: ð3:9Þ
Let f ei be a family of solutions to (3.1) with the initial data f
e
i ðx; 0ÞAL1-LN: Then
ue ¼Pdi¼1 f ei converges to u in LplocðR RþÞ; 1ppoN; and u is an entropy solution
of (1.1).
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